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■ Abstract 

0^ ' We begin with a discussion on two apparently disconnected topics - one related to nonperturbative 

. superpotential generated from wrapping an M2-brane around a supersymmetric three cycle embedded 

I ' in a G'2-manifold evaluated by the path- integral inside a path- integral approach of [1], and the other 

^ . centered around the compact Calabi-Yau CYa (3, 243) expressed as a blow-up of a degree-24 Fermat 

(NI ■ hypersurface in WCP''[1, 1, 2, 8, 12]. For the former, we compare the results with the ones of Witten 

, on heterotic world-sheet instantons [2]. The subtopics covered in the latter include an TV = 1 trial- 

' ity between Heterotic, M- and F-theories, evaluation of RP^-instanton superpotential, Picard-Fuchs 

, equation for the mirror Landau- Ginsburg model corresponding to (713(3,243), Z3 = 11 supergravity 

' corresponding to A/-theory compactified on a 'barely' G2 manifold involving (713(3,243) and a con- 

, jecture related to the action of antiholomorphic involution on period integrals. We then shown an 

' indirect connection between the two topics by showing a connection between each one of the two and 

-4— > , Witten's MQCD[3]. As an aside, we show that in the limit of vanishing "C", a complex constant that 

^ ^ appears in the Riemann surfaces relevant to definining the boundary conditions for the domain wall 

D , in MQCD, the infinite series of [4] used to represent a suitable embedding of a supersymmetric 3-cycle 

' in a Ga-mannifold, can be summed. 
* * ■ 

X ■ 1 Introduction 



Nonperturbative aspects of string theory have continued to be an extremely active area of work that 
bring about a very interesting interplay of various topics in field theory and algebraic geometry. We will 
be concentrating on two such topics - membrane instanton superpotentials in M theory compactified 
on G2-manifolds[5], and aspects of string and M-theory compactifications on manifolds involving the 
compact Calabi-Yau (713(3,243) [6, 7, 8]. We then attempt to establish an indirect connection between 
these two by showing a connection between both and Witten's MQCD [3], individually. 

In Section 1, we discuss evaluation of membrane instanton superpotential and the comparison with 
Witten's heterotic world-sheet instanton superpotential [2]. In Section 2, we begin with a discussion on 
an M = 1,D = A Heterotic/M/F triality, followed by the Picard-Puchs equation derived and solved for 

^This article is partly based on talks given at "Seventh Workshop on QCD" [session on "Strings, Branes and (De- 
) Construction"], Jan 6-10, 2003, La Cittadelle, Villefranche-sur-Mer, France; Fourth Workshop on "Gauge Fields and 
Strings", Feb 25-Mar 1, 2003, Jena, Germany; "XII Oporto Meeting on Geometry, Topology and Strings", July 17-20, 2003, 
Oporto, Portugal; "SQS03" - International Workshop on "Supersymmetries and Quantum Symmetries', July 24-29, 2003, 
JINR, Dubna, Russia; poster presented at "XIV International Congress on Mathematical Physics", July 28- Aug 2, 2003, 
Lisbon, Portugal 
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the mirror Landau-Ginsburg model for type II A compactified on (713(3,243), as well as a discussion 
on unoriented world-sheet instanton superpotential, D = 11 supergravity corresponding to M theory 
compactified on the 'barely' G2-manifold '^'^3(3,243) xS finally a conjecture related to a freely acting 
antiholomorphic involution on the period integrals for CY^(3, 243). In Section 3, wc discuss the connection 
between sections 2 and 3 and Witten's MQCD, individually. Section 4 has the conclusions. 



2 Evaluation of the membrane instanton contribution to the superpo- 
tential 

String and M theories on manifolds with G2 and Spin{7) holonomies have become an active area of 
research, after construction of explicit examples of such manifolds by Joyce[9]. Some explicit metrics of 
noncompact manifolds with the above-mentioned exceptional holonomy groups have been constructed 
[10]. 

Gopakumar and Vafa in [11], had conjectured that similar to the large N Chern-Simons/open topo- 
logical string theory duality of Witten, large N Chcrn-Simons on is dual to closed typc-A topological 
string theory on an S'^-resolved conifold geometry. This conjecture was verified for arbitrary genus g 
and arbitrary t'Hooft coupling. This duality was embedded by Vafa in type IIA, and was uplifted to M 
theory on a G2 holonomy manifold by Atiyah, Maldacena and Vafa[12]. The G2 holonomy manifold that 
was considered by Atiyah et al in [12] was a spin bundle over with the topology of R"^ x S'^. 

It will be interesting to be able to lift the above-mentioned Gopakumar- Vafa duality to M theory on 
a G2-holonomy manifold, and in the process possibly get a formulation of a topological M-theory. As 
the type-A topological string theory's partition function receives contributions only from holomorphic 
maps from the world-sheet to the target space, and apart from constant maps, instantons fit the bill, 
as a first step we should look at obtaining the superpotential contribution of multiple wrappings of 
M2 branes on supersymmetric 3-cycles in a suitable G2-holonomy manifold (membrane instantons). A 
sketch of the result anticipated for a single M2 brane wrapping an isolated supersymmetric 3-cycle, was 
given by Harvey-Moore. In this work, we have worked out the exact expression for the same, using 
techniques developed in [14] on evaluation of the nonperturbative contribution to the superpotential of 
open membrane instantons obtained by wrapping the M2 brane on an interval [0,1] times (thus converting 
the problem to that of a heterotic string wrapping) a holomorphic curve in a Calabi-Yau three-fold. 

As given in [13], the Euclidean action for an M2 brane is given by the following Bergshoeff, Sezgin, 
Townsend action: 



Se = J d^z ^ - ^e'^%Z^djZ''dkZ''CMNp{X{s),&{s)) 



(1) 



where Z is the map of the M2 brane world- volume to the the D = 11 target space Mn, both being 
regarded as supermanifolds. The g in (1), is defined as: 



gij = 5iZ^5,Z^E^E^r?^B, (2) 

where is the supervielbein, given in [13]. X{s) and 6(s) are the bosonic and fermionic coordinates 
of Z. After using the static gauge and /c-symmetry fixing, the physical degrees of freedom, are given 
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by y"^ , the section of the normal bundle to the M2-brane world volume, and Q{s), section of the 
spinor bundle tensor product: 5(TI1) S~{N), where the — is the negative Spin{8) chirality, as under 
an orthogonal decomposition of TMii|s in terms of tangent and normal bundles, the structure group 
Spin{ll) decomposes into Spin{3) x Spin{8). 

The action in (1) needs to be expanded up to O(G^), and the expression is (one has to be careful 
that in Euclidean D = 11, one does not have a Major ana- Weyl spinor or a Major ana spinor) given as: 



where we follow the conventions of [13]: Vm being the gravitino vertex operator, ^ being the gravitino 
field that enters via the supervielbein E^, ^ is a mass matrix defined in terms of the Riemann curvature 
tensor and the second fundamental form (See (24)). 

After K-symmetry fixing, like [13], we set 0^"(s), i.e., the positive S'pm(8)-chirality to zero, and 
following [14], will refer to Qi"-{s) as 9. 

The Kaluza-Klein reduction of the D = 11 gravitino is given by: dx^'^M = (ix^^^+iia;™^'^, ^'^(x, y) = 

ipfiix) iX" i?(y), "^mix, y) = III S/Li ^/ mnp(y)-'^^^X"'^(^) ® viv)-, where we do not write the terms obtained 

by expanding in terms of {wj^^^}, the harmonic 2-forms forming a basis for H'^{Xg2,'^), as we will be 

interested in M2 branes wrapping supersymmetric 3-cycles in the G2-holonomy manifold. For evaluating 

the nonperturbative contribution to the superpotential, following [13], we will evaluate the fermionic 

2-point function: {x^ {x^^x^ {X2)) (where xi^2 are the coordinates and u [and later also v\= 7, 8, 9, 10 is 

[are] used to index these coordinates), and drop the interaction terms in the D = 4,AA = 1 supergravity 

action. The corresponding mass term in the supergravity action appears as didjW, where the derivatives 

are evaluated w.r.t. the complex scalar obtained by the Kaluza-Klein reduction of C -|- 73-$ using har- 

'11 

monic three forms forming a basis for H^^Xq^^'R). One then integrates twice to get the expression for 
the superpotential from the 2-point function. 

The bosonic zero modes are the four bosonic coordinates that specify the position of the supersym- 

T 8 9 10 

metric 3-cycle, and will be denoted by Xq ' ' = Xq. The fermionic zero modes come from the fact that 
for every 9q that is the solution to the fermionic equation of motion, one can always shift ^0 to 9q + 9' , 
where Di9' = 0. This 9' = '9 rj where •!? is a D = 4 Weyl spinor, and rj is a covariantly constant spinor 
on the (jr2-holonomy manifold. 

After expanding the M2-brane action in fluctuations about solutions to the bosonic and fermionic 
equations of motion, one gets that: 5|s = Sq + Sq + S2 + S2, where Sq = (Sslyo.eo ^^o = '^E + '^s \yo,Oo'i 
^2 = ^'^\yofio=o{^y)'^\ S2 = ^|j/o,6'o=o(<^^)^- Following [14], we consider classical values of coefEcients 
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(3) 




{X\xl)x'{x^2)) = 
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X J j VSy^'^-^'^ J meVSee'^'^. (4) 

We now evaluate the various integrals that appear in (4) above starting with / d^xe''^o : 

/ (Txoe ^0 = (Txoe 'n . (5) 

Using the 11-dimensional Euclidean representation of the gamma matrices as given in [13], Sq + 
|e = 2F~ -^2 y/hij'^MVMd^s, where using diXQ = 0, and using U to denote coordinates on the G2- 

holonomy manifold, = hijdiy^ djy^jvdo + ^^''^^diy^djy^ dky^VvwO^, 



^^11 1=1 i<j=i 



where one uses that for G2-spinors, the only non-zero bilinears are: 7?^rjj...jp?7 for p = 0{eqmv constant), 
p = 3(= calibration 3-form), p = 4(=) Hodge dual of the calibration 3- form and p = 7(= volume form). 
We follow the following notations for coordinates: u, v are coordinates, U, V are G2-holonomy manifold 
coordinates that are orthogonal to the AI2 world volume (that wraps a supcrsymmctric 3-cycle embedded 
in the G2-holonomy manifold), and U,V arc G2-holonomy manifold coordinates. The tangent/curved 
space coordinates for S are represented by a' /m' and those for x R-^ are represented by a" /m" . 

We now come to the evaluation of ^2 |jyo,6io=o- Using the equality of the two O(((5)0^) terms in the 
action of Harvey and Moore, and arguments similar to the ones in [14], one can show that one needs to 
evaluate the following bilinears: 5QTa'di5Q, 5QVa"di5Q, SQVa'TABSQ-, and dQT^nTABSQ- Evaluating 
them, one gets: 



Is 

where O3 = 

2i 



13 V^«J 
'11 



+M^djy"'"eC'[(^'^ ^ la"di - (t^f^'V^^ (g) ja"b"c" - ^w''''"<5^'a^ (g) Ja"c")] 



(7) 



Hence, the integral over the fluctuations in 6 will give a factor of \/ detO^ in Euclidean space. 

The expression for 51 [ej^q ^0=0 identical to the one given in [14], and will contribute ^(jet0idetC'2 ' 
where Oi and O2 are as given in the same paper: 

02 = ^g{g'^V,h^yD,+U^y). (8) 
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The mass matrix U is expressed in terms of the curvature tensor and product of two second fundamental 
forms. Vi is a covariant derivative with indices in the corresponding spin-connection of the type (wj)^/ 
and (a;^)^ , and Di is a covariant derivative with corresponding spin connection indices of the former 
type. 

Hence, modulo supergravity determinants, and the contribution from the fermionic zero modes, the 
exact form of the super potential contribution coming from a single M2 brane wrapping an isolated 
supersymmetric cycle of G2-holonomy manifold, is given by: 



V detOi det02 ^ ' 

We do not bother about 5-brane instantons, as we assume that there are no supersymmetric 6-cycles in 
the G2-holonomy manifold that we consider. 

In [13], it is argued that for an "associative" 3- fold S in the G2-holonomy manifold, the structure 
group Spin{8) decomposes into S'pm(4)j^4 x Spin{4:)xQ^\s- After gauge-fixing under /c-symmetry, 

G = ((e__)r,(e++)^^;o,o), (10) 

where A,^a,Y are the Spin{3), Spin{4)^i, Spin{4:)xQ^\j: indices respectively. The G2 structure allows 

one to trade off (B for fermionic 0- and 1-forms: r],Xi, which together with = y°"^, form the 

Rozansky-Witten(RW) multiplet. Similarly, (0++)^ gives the Mclean multiplet: {y^^,u^ ). The RW 

aA aA 
model is a D = 3 topological sigma model on a manifold embedded in a hypcr-Kahlcr manifold X^^ [15]. 

are functions from mapping M to X, then the RW action is given by: 

J^^/h^J \hMNdi4>^dj4>''h'^ + eijh'^^,Djrj' + ,^e'^^(^eijxlDj^^^ , (11) 

where ^ijkl = ^jikl = ^ijlk- Then, dropping the term proportional to ^ijkl, one sees that the 
terms in (3), are very likely to give the RW action in (11). In [13], ra = 1. 

As the RW and Mclean's multiplets are both contained in S9, hence (using the notations of [13]) 
det' {L )det' [p e) will be given by detO^ - it is however difficult to disentangle the two contributions. The 
relationship involving the spin connections on the tangent bundle and normal bundle (the anti self-dual 
part of the latter) as given in [13], can be used to reduce the number of independent components of the 
spin connection and thus simplify (7). Further, (det'Ao)^|(ie/'(pi)| should be related to \/ detO\det02- 
Hence, the order of -f^i(S, Z) must be expressible in terms of ^^6^01^2, 3 for M2— brane wrapping a rigid 
supersymmetric 3-cycle. However, wc wish to emphasize that (7), unlike the corresponding result of [13], 
is equally valid for M2— brane wrapping a non-rigid supersymmetric 3-cycle, as considered in Section 4. 

We now explore the possibility of cancellations between the bosonic and fermionic determinants For 
bosonic determinants detAh, the function that is relevant is ^{s\Ai,), and that for fermionic determinants 
detAf, the function that is additionally relevant is ri(s\Af). The integral representation of the former 
involves Tr{e~^^^), while that for the latter involves Tr{Ae~^^^) (See [16]): 

^^'1^^^ = i) dtr~'Tr{e-'^^yMs\Af) = ^^J^ dtt'^Tr{Afe-'^l\ (12) 
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where to get the UV-divergent contributions, one looks at the t — > hmit of the two terms. To be more 
precise (See [17]) 

IndetAb = -^C(s|A)|s=o 



u=o; 



Id,, 2m / \ A \\ _L^^A/l/t2> 



IndetAf = --—((^s\Aj)\,=o t yr?(s|^/)U=o ± yC(s|4)|.=o 

Id ivrl / 1 /""^ , „ 1 , -tA'^.\, ^TT 1 s+i , , ^ -M^s, 



(13) 



where the =F sign in front of 7/(0), a non-local object, represents an ambiguity in the definition of the 
determinant. The C(Oj^j) term can be reabsorbed into the contribution of (^'(0|Aj), and hence will be 
dropped below. Here Tr = J dx{x\...\x) = / dxtr{...). The idea is that if one gets a match in the Seeley 
- de Witt coefficients for the bosonic and fermionic determinants, implying equality of UV-divergence, 
this is indicative of a possible complete cancellation. 

The heat kernel expansions for the bosonic and fermionic determinants[18] are given by: 

oo oo 

trie-'^^) = ^en(x,^)t^,ir(yl;e-*'^/) = ^ a„(x, ^;)i^'^, (14) 

n=0 n=0 

where for m is the dimensionality of the space-time. For our case, we have a compact 3-manifold, for 
which e2p+i = and a2p = 0. For Laplace- type operators Af,, and Dirac-type operators Af, the non-zero 
coefficients are determined to be the following: 



eo{x,Ab) = (Att) Ud, 62(0;, A) = (47r) 2 



aiE + a^rld 



(15) 



where ctj's are constants, r = Rijji, and Id is the identity that figures with the scalar leading symbol in 
the Laplace- type operator A^ (See [18]), and 

E = B- G'^idiujj + uJiUj - LJkT^j), 
Ab = -{G'Uddidj + A'di + B), 

To actually evaluate cq and 62, wc need to find an example of a regular G2-holonomy manifold that is 
metrically S x M4, where S is a super symmetric 3-cycle on which we wrap an M2 brane once, and M4 is 
a four manifold. One such example was obtained in [19], that be regarded as a cone over a base x R^, 
that I was referring to is actually: 

1 ^ 

ds"^ = dr'^ + - '^ix'^(Tj + mnajdOj - mxdO'j), (17) 
y j=i 
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where 01,2,3 cire the left-invariant SU{2) 1-forms, m,n are two parameters that characterize //"^(S"^ x 

R^,Ii) = R © R, X = —^{r — rof, y = — ro)^, tq being an integration constant that for 

convenience can be set to zero. 

Now take the simplifying limit n = 0. This for m = 1 gives: 

d5? = dr2 + ^^c7f + ^de^ (18) 

i=l i=l 



where ai's are left-invariant one-forms obeying the SU(2) algebra: dai = —^e^^^da^ A da'', given by: 

o"! = cosipdO + sinipsinOdcf), = —sinipdO + cosipsinOdcp, = dip + cosOdcp. (19) 

The metric in ( refeq:sigmas) does not have a G2 holonomy. It is argued that (18) is what (17) asymptotes 
to, for n 7^ 0. The heat-kernel asymptotics analysis below, can either be treated as one for membrane 
instanton superpotentials for non-compact G2 manifolds IN THE LARGE DISTANCE-LIMIT(^ r 
00), or equivalently for a non-compact M7 with a supersymmetric 3-cycle(a T^) embedded in it that 
nevertheless gives Af = 1, D = A supersymmetry. 

To see that the corresponds to a supersymmetric 3-cycle, we need to show that the pull-back of 
the calibration $3 restricted to E, is the volume form on S (See [20]). $3 using the notations of [19] is 
given by: 

$3 = el25 + gl47 ^ gl56 _ ^246 ^ ^237 ^ ^345 ^ ^567^ (20) 

where e*-^'^ = e* A e-' A e'^. Let 1, ...,7 denote r, V', ^, ^1, ^2, ^3- Hence, when restricted to T,{6i,92,0s) 
using the static gauge, one gets: <I>3|s = e^^^ = dOi A d62 A dO^, which is the volume form on T^. Thus, 
the of (18) is a supersymmetric 3-cycle. 

For (18), one sees that gij = Sij + diy^ djij^ gQy, having used the definition of gij as a pull-back of 
the space-time metric gMN, static gauge and that diull ~ ^- assumes that the coordinates r, tp, 9, (p 

arc very slowly varying functions of 01,62,03, one sees that gij ^ Sij. This simplifies the algebra, though 
one can work to any desired order in {diyQY^^^\ and get conclusions similar to the ones obtained below. 

Lets first consider the Seeley de-Wit coefficients for 0\. Now, in the above adiabatic approximation, 
the world volume metric of the M2-brane is flat. Hence, the Christoffel connection F*-^ for Oi, vanishes. 
Now, Ljf'^' ~ where 

' t III ' 

^t'=^K^f'\dm'ei'^-4m'4\ (21) 

the antisymmetry indicated on the right hand side of (21) being applicable only to the tangent-space 
indices a', h' , and where for (18), the following are the non-zero vielbeins: 

e^j. = l;e^g = -cosip, e^^ = -sinipsinO; 



r 



e'g = --sinip, e'^ = cosipsinO;e\ = -, e^^ = -cosO; 

= = e^,3 = 1. (22) 

Hence, for the G2 metric of (18), dru'e/ = 0. Also, Ff,'^, = 0. Thus, cjf ~ 0. 
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In the adiabatic approximation, r 
Hence, 



0. 



eo(x,Ci) = (47r)-2;e2(a;,Oi) = 0. 



(23) 



We next consider evaluation of 60,2(2^,02)- Once again, the ChristofFel connection F^-^ vanishes. 



Again, w^'^ ~ 0. Also, dihf 
Now, 



0. Hence, A' 0. 



uv 



Ik-™' 

2 Um'V 



+ 8^c^ 



where the second fundamental form is defined via: 

1 



^ k'V = 



Qk't 



(24) 



(25) 



Using: 

nrn' _ o pm' _ o -pm' , pm' _ pV pm' 

-^fJm'f ~ '^V^ t)-m' "'^ UV^ Um' VV ^(jV^Vm'^ K^'^) 

and the fact that the non-zero ChristofFel symbols do not involve m! as one of the (three) indices and 
that their values are m'-independent, one sees that 



uv 



0. 



(27) 



g'^'^g'^'^gni.Rj^j^i^, one needs to evaluate R}^^^^^ = di,T 



Hence, 5 ~ 0. 

For evaluating r = 9^^^"^ g-'^-''^ Riijij2i2 
-SjjF^i^^^ +rjii2^pi2 "^jij2^pi2- "^^^^ "^^^^ evaluated using the metric given by G'-?' = g'^^^/ghfJy, where 
we will use the adiabatic approximation: gij ~ S^' S^' gm'n'- Due to the IJV indices, the Ricci scalar r 
is actually a matrix in the \ ^ space. In the adiabatic approximation, only the product of the two 
Christoffel symbols in R''j\j^i^ is non-zero, and is given by the following expression: 



pp" pZi _ pp" ph 

jlj2 p"i2 j2il p"j2 



h 



"3132^12 



Hence, on taking trxQ^\T.-, one gets: 



/ 





V 



dr 





16 



16 
r^cosO 



1 ^sin^6 
r'^'cos^O 



72 



16 

;3 



16 



+ 



16 



(28) 



(29) 



Hence, 



eo(a;,C»2) = (47r)-2; e2(x,02) = (47r)-2 



3 72a2 



(30) 



8 



We now do a heat-kernel asymptotics analysis of the fermionic determinant detO^. The fermionic 
operator can be expressed as: 



where 



G'^ = Vhh'^;r = ^Vhh'^rj(uf'Ta'b' + u;f''"ra'b"y 

C3 is of the Dirac-type as C3 is of the Laplace-type, as can be seen from the following: 

of = G'^didj + A% + B, where : 

G'^ = hh'^; 

B = VhT^VkVcDdj{Vhh''^Lof'') + hV^V^uf''VABi^?''rcD. 



Now, 

where ^ = r -|- T^Wj, and 



O3 = G'^Tj Vi 



ui ^ ^(-F9,r + {r,r} + &^T)^) 



+ 



Vh 



+ dk 



Vh. 



a-/ 



Vh. 



The Seeley-de Witt coefficients Oj are given by (See [18]): 



(31) 



(32) 



(33) 
(34) 



(35) 



ai(x, G'^Tj -(f>) = -(47r)-ttr(</)); a3(x, G'^Fj Vi -(f>) = -^(47r)-itr((^r + 6<^f - Oa'&'ja'rb'), (36) 



(37) 



where 

2 

Now, e.g., r* = d^y'^TM, where = y™''^'" and given that = 0, then in the static gauge, 

r* = dl^,T„ii + d'^y^Tjy = Sln'^m''^a-' + d'^V^ '^j^^ ^- Now, lets make the simplifying assumption as done 
for the bosonic operators, we assume that varies very slowly w.r.t. the M2-brane world-volume 
coordinates. Hence, we drop all terms of the type {diy^Y^^^\ The conclusion below regarding the 
vanishing of the Seeley-de Witt coefficients ai and 03, will still be valid. The dropping of {diy^Y^^'^^- 
type terms will be indicated by ~ as opposed to = in the equations below. One finally gets: 



ai{x, G'^Tj Vi -0) = aaix, G'^Tj Vi -0) ~ 0. 



(38) 
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We conjecture that in fact, a2n+i{x, G^^Tj Vj —cp) ~ for n = 0, 1, 2, 3, .... 

By using reasoning similar to the one used in Appendix A, one can show that: 

eoix,Ol) = (47r)-i;e2(a;,Oi) ~ 0. (39) 

Prom the extra factor of ^ multiplying the C{0\Ol) relative to C'(0|Ci) in (13), and (38) and (39), one 
sees the possibility that: 

ln[detOi] 2' ^ ^ 

In conclusion, one sees that Seeley-de Witt coefficients of the fermionic operator Os are proportional 
to those of the bosonic operator Oi in the adiabatic approximation, to the order calculated, for the 
G2-metric (18). This is indicative of possible cancellation between them. This is expected, as the M2- 
brane action has some supersymmetry. As bi{T^) = 3 > 0, thus the supersymmetric 3-cycle of (18) 
is an example of a non-rigid supersymmetric 3-cycle. The result of [13] is not applicable for this case. 
On the other hand, the superpotential written out as determinants, as in this work, is still valid. The 
corresponding modified formula in [13] might consist, as prefactors, in addition to the phase, the torsion 
elements of ifi(S,Z), represented by |i?i(S,Z)|' in [15], and perhaps a geometrical quantity that would 
encode the G2-analog of the arithmetic genus condition in the context of 5-brane instantons obtained 
by wrapping M5-brane on supersymmetric 6-cycles in CY^ in [21]. The validity of the arithmetic genus 
argument, even for CI4, needs to be independently verified though. 

For heterotic world sheet instantons, as studied in [2], the expression for the nonperturbative super- 
potential is given by: 

A{C) f Pfaff'5s^05+(w)Pfaff(^o(-i)®y 



27:a'^Jc ^(det5o(_i))2)(det5o(o))2(detao(_i))2(det%(o))2 ^ ^ 

In this expression, the convention followed by Witten is that the left fermionic movers come with the 
kinetic operator d and the right movers come with the kinetic operator d. Further, the bosonic zero modes 
are associated with the left-movers corresponding to translation in R^, and the fermionic zero modes are 
associated with the right-movers. The left-moving fermions are sections: r[S-{C ^ CY3) (g) V] and the 
right-moving fermions are sections: T[S+{C ^ CI3) S'+(A^)], where C is the genus-zero curve around 
which the string world-sheet wraps around to give world-sheet instanton, V is the 5*0(32) gauge bundle, 
and N is the normal bundle to C in x CI3. As fiber bundles, S-{C) = 0{—l), hence the left movers 
are sections of 0{-l) ®V = V{-1). Now, N\cy3 = 0{-l) 0(-l), and A^|r4 ^ 0(0) 0(0). Also, 
the eight real bosons transverse to C can be combined into four complex bosons. 
After the bosonic-fermionc determinant cancelation: 

Pm'ds^^S+{N) = detdoi-i)f{detdo^o)?, (42) 
what survives in the heterotic world-sheet instanton superpotential is 
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Its here that the difference between the present result and the form of the result in [2] becomes manifest. In 
the latter, after equality of bosonic and fermionic determinants one gets Pfaff((9o(-i)(giy in the numerator. 
As argued in [2], this expression can vanish if the gauge bundle restricted to the genus-0 curve C, is trivial. 
To see this, Witten argued that any SO{32) gauge bundle V over a genus-zero curve C, can be written 
as:V = ®ji^O{mi)®0{-mi), implying = ®}l-^^0{mi-l)eO{-mi-l). Now, dim[ker((90(^)]]=s-|-l 

if s > and zero if s < 0. Thus, dim[ker(5y(_i))] = J2i=i rrii = iS rrii = for all i = 1, 16. In our 
result for the membrane instanton for non-rigid supersymmetric 3-cycle, the superpotential can never 
vanish because of unity in the numerator. 

3 String and M-Theory Compactifications involving d3(3, 243) 

In this section, we will discuss two topics. One will be related to an A/" = 1, -D = 4 triality between 
Heterotic, M and F theories. The other is related to studying some algebraic geometric aspects of the 
compact Calabi-Yau (713(3,243) such as period integrals. 

3.1 An A^ = 1 Triality by Spectrum Matching 

As A/" = 1 supersymmetry in four dimensions is of phenomenological interest, it is important to understand 
possible dualities between different ways of arriving at the same amount of supersymmetry via suitable 
compactifications. In this regard, the results of [23, 22] are of particular interest. While [23] construct 
such string dual pairs, [22] also give A^ = 1 Heterotic/M-thcory dual pairs. As M-thcory on G2-holonomy 
manifolds gives M = 1 supersymmetry, especially after explicit examples of the same (and Spin(7)) in 
[9, 10], exceptional holonomy compactifications of M-theory becomes quite relevant for the above purpose. 
In the literature, so far, the J\f = 1, D = 4 Heterotic/M-theory dual pair constructions, stem one way or 
the other from the Heterotic on and M-theory on K3 D = 7 duality [24, 25]. The question is what 
the A^ = 1 Heterotic/M-theory analog of the Heteoric/type IIA M = 1 dual pair of [23] is. As the D = 7 
Heterotic/M-Theory duality is related to the D = 6 Heterotic/String duality (as the decompactification 
limit - see [25]), it is reasonable to think that there has to be such an A^ = 1 Heterotic/M-theory dual 
pair. Additionally, it will be interesting to work out an example that is able to explicitly relate an 
J\f = 1 Heterotic theory to M and F theories, as opposed to examples in the literature on only M = 1 
Heteorotic/type IIA or Heterotic/M-theory or Heterotic/F-theory dual pairs. We propose that the M- 
thcory side is given by a 7-manifold of SU{3) x Z2-holonomy of the type {CY X S^)/g.I, where g is a 
suitably defined freely-acting antiholomorphic involution on the CY which is precisely the same as the 
one considered in [23], O is the world-sheet parity and I reflects the S^. These 7- manifolds are referred 
to as "barely G2 manifolds" in [13]. In addition, the D = A, J\f = I Heterotic/F-theory dual models 
constructed have the following in common (as a consequence of applying fiberwise duality to Heterotic 
on being dual to F-theory on K3). The Heterotic theory is compactified on a CY^ that is elliptically 
fibered over a 2-manifold -62- The F-theory dual of this Heterotic theory is constructed by considering 
an elliptically fibered Calabi-Yau 4- fold X4 that is elliptically fibered over a 3-manifold S3 . Additionally, 
the base -B3 is a P^-fibration over B2 (the same one that figures on the heterotic side). We propose that 
the required Calabi-Yau 4-fold on the F-theory side is elliptically fibered over a trivially rationally ruled 
base given by CP^ x £, £ being the Enriques surface. We raise an apparent puzzle regarding the derived 
Hodge data and the one that one might have naively guessed based on string/M/F dualities. 
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We now construct the M-theory uphft of type IIA background of [23]. Now, the specific J\f = 1 
Heterotic/type IIA dual pair of [23] that we will be considering in this letter is Heterotic on a CY given 
by ^yg^^ and type IIA on orientifolds of CF's (the mirrors of which are) given as hypersurface of degree 

24 in WCP^[1,1,2,8,12], the mirror duals to which, are given by: 

+ zf + zf + zl + zl- 12aziZ2Z3ZiZ5 - 2(3zlzlzl - -fzl^z^^ = 0. 

(44) 

The represents the Enriques involution times reflection of the as considered, and the space-time 
orientation reversing antiholomorphic involution used for constructing the CY orientifold is: 

LO : {zi,Z2,Z3, Z4, Z5) {Z2, -Zi, Z3, Z4, Z5). (45) 

Another point worth keeping in mind is that under cj of (45), the Kahler form J going over to - J is only 
a statement in the cohomology group H^'^. One can define inhomogenous coordinates for, e.g., Y, in the 
Z2 ^ coordinate patch: 

Zl _ Z3 _ Za . . 

u= —; V = w = ^, (46) 
Z2 zi z\ 

[using which one can solve for from the defining equation (44), and hence is not included as part of 
the CY coordinate system]. Then, one can show that 

J —J-\-0 ^"p~p^ or — independent terms^ , (47) 

such that the —J and —J+ extra terms both belong to the same cohomology class of i?^'^. As u G CP^- 
base coordinate and guu gives the size of the CP^ base, in the large base-limit of [23], J under the 
antiholomorphic involution uj goes over to — J exactly. Similarly, /f^'^ goes over to i?^'^ (and X2.1 G if^'^ 
goes over to X\^2 £ H^'^ exactly in the large-base limit of [23]) but an element y^'^ of H^'^ goes over to 
an element of the cohomology class [—5^^'^] of i^^'^ and no statement can be made for large base-limit 
exactness like the ones for J or above. The exact expressions for J and an element of i?^'^ under the 
action of a; is given in [7]. To summarize, we get: 

\uj\J)\ = [-J]; u;*(J) l^'-Sf-S^' 
\u:\X)\ = [X]- u*{X) '^-^s^P' X- 

[u*{Y)] = [-Y], (48) 

where X G H'^^^{CY-i — >K-i CP^) and Y G H^^^iCY^ — >X3 CP^), and [ ] denotes the cohomology class. 
The closed and co-closed calibration 3-form cj) is given by: 

(t) = J ^dx + Re{e~'^Q), (49) 

where x is the coordinate, and is the holomorphic 3-form of the (713(3,243). To get the spec- 
trum for M-theory compactified on the 'barely G2 manifold' Z = ^^J^x ' ^"^^ ^^^^ (^®® W^]) that 
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i(ij3.0(Cy) + i?°'3(Cy)) corresponding to ^{h^^^{CY) + h^^^{CY)) = 1, is invariant under the Z2 in- 
volution oj. Similarly, ^{H^'^{CY) + H^'^{CY)) corresponding to ^(h^'^iCY) + h'^'^{CY)) = h^'^{CY) 
elements, is invariant under the involution uj. As shown in [23], uj acts as —1 on H^'^{CY) implying that 
H]!\CY), i.e., the part of H^'^{CY) even under uj is zero, and the part odd, H^^{CY) = H^'^CY). 



Hence, ny, nc that denote respectively the number of vector and hypermultiplets, will be given by: 



This one sees that the spectra associated with Heterotic on ^2 ' ^YP^ bn^ M-theory on 



We now show the possibility of finding an A/" = 1 triality between the A/" = 1 heterotic on (713(11, ll)(/type 



IIA on '^^'i^^^^^^ dual pair) of Vafa-Witten, M theory on the "barely G2 manifold" <^'^3{3,243)xS^ 



SU{3) X Z2 holonomy, and F-theory on an elliptically fibered , where the "11,11" and "3,243" denote 
the Hodge numbers, lo is an orienation-reversing antiholomorphic involution, X reverses the S^. The X4 
that we obtain in this section will be obtained by assuming that the required F-theory dual must exist. 
Of course, given the basic string/M/F dualities, we know that such an F-theory dual must exist - what 
we show is given the same, what the geometric data of the required X4 must be. 

The CYa on the heterotic side that we are interested in is one that is obtained by a freely-acting 
Enriques involution acting on the K3 times a reflection of the T^, in K3 x T^, i.e., the Voisin-Borcea 
elliptically fibered CFg (11,11) = ^^jr^, where g is the generator of the Enriques involution and X 
reflects the T^. Hence, the B2 above is Now, the M = 2 dual pair in [26] consisted of embedding 
SU(2) X SU{2) in x on the Heterotic side, resulting in E'j x E'j, which is then Higgsed away. All 
that survives from the in if 3 x are the abelian gauge fields corresponding to U{1)'^. As shown in 
Vafa-Witten's paper [23], in the H = I dual pair obtained by suitable Z2-moddings of both sides of the 
M = 2 Heterotic/type IIA dual pair, the ?7(1)^ gets projected out so that there arc no vector multiplets 
and one gets 247 Af = 1 chiral multiplets on the Heterotic side on 013(11, 11). We should be able to get 
the same spectrum on the F-theory side. If r denotes the rank of the unbroken gauge group in Heterotic 
theory, then the number of A/" = 1 chiral multiplets in F-theory is given by the formula ([27, 28]): 



ny(^Z) = h^/{CY) =0, 

nc{Z) = h'^'\CY) + h^'^iCY) + h^iCY) = 243 + 1 + 3 = 247. 



(50) 



LO.I 



match. 



nc = 



- 10 + /i2'i(X4) -r. 



(51) 
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which excludes the S modulus of the Heterotic theory. The rank r in turn is expressed as: 



(52) 



For Heterotic theory on Cl3(ll, 11), r = 0. 

The fibration structure can be summarized as: X4 
Given that for elliptically fibered X4, h^'^{X4) — h^'^ 




,1 B2 = — = £ =Enriques surface. 



h^'\X4) = h^'^Bs) + 1 > 0; 



(53) 
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We can write the total number of Hctcrotic moduli 



Nhet = h^'\Z) + h'^\Z) + n^ndle, (54) 

where the bundle moduli correspond to an involution r which acts trivially on the base and as reflection 
of the fiber (that can always be defined on an elliptically fibered Z [29]). It no longer can be defined as 
h}{Z,ad{y)) = / + 2no, where the character-valued index I is given by -'}2'i={~y'^''' Hi{z,Ad{V))(^^) = 
~ Z^i=o(~)*^e(-^' ^d{y)) = Ug — Uo for no unbroken J\f = 1 gauge group, and e, o referring to even,odd 
respectively under the involution r. However, given that such an involution r exists, one can still write 
that 

Ubundle = ne + no=l + 2no, (55) 

for a suitable "index" 2. We assume that at the r-invariant point, the action of r can be lifted to an 
action of the gauge bundle embedded at the level of K3. This index will encode the information about 
I{K3,Ad(SU{2) X SU{2))) and the Higgsing away of the Ej x Et, or equivalently I{K3,Ad{Es x Es)) 
at the M = 2 level, and the freely acting Enriques involution times refiection of T^. In general, one 
can always write the index T as a + 5 c\{£) + c C2{£) + dj^ (T) + e C2(T) + / ci{£) A ci(T), 
where a, b, c, d, e, / are constants and T is a line bundle over £. There are no non-perturbative Heterotic 
5-branes in the M = 1 model of [23]. Hence, for the M = 1 Heterotic/F-theory duality to hold, there will 
no F-theory 3-branes (given by ^^^^) either, which implies that the elliptically fibered Calabi-Yau 4-fold 
must satisfy the constraint: 

X(^4) = 0. (56) 

Assuming only a single section of the elliptic fibration: Z — £{= Enriques surface) and no 4-flux, from 
general considerations (See [30]), the Hodge data of will be given by: 

h^'^{Xi) = h^'\Z) + 1 + r = 12 - ^ ci{£) + r, 

h^'\Xi)=no, 

h^'^X^) =h^'^ +1 + no + 1 = 12 + 29 J^cl{£) +I + h'^'\X4). (57) 

Now t = ci(T) (T being a line bundle over B2), the analog of n in the Hirzebruch surface is a measure 
of the non-triviality of the CP^-fibration of the rationally ruled B^. Now, the (713(3,243) on the type 
IIA side, can be represented as elliptic fibration over the Hirzebruch surface F„, where n denotes the 
non-triviality of fibration of CPj over CP^. The Weierstrass equation for n = is given by: 

y' = x' + Y: fl'\zi)zix + E^f '^(^i)4, (58) 

i=0 i=0 

implying that the number of complex structure deformations, h^'^ is given by 9 x 9+ 13 x 13— (3 + 3 + 1) = 
243. ^ Hence, analogous to setting ra = 0, we can set t = and doing so would imply the triviality of the 
fibration: Bs = CP^ x B2 = CP^ x £, for which h^^^{Bs) = thereby satisfying (53). 

^Interestingly, for n = 2, the Weierstrass equation is given by: 

4 8 
=X^ + E f8-4i(zi)Z2~"x + E gi2-2i{zi)Z2~\ (59) 
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Equating nhet to 246, one gets from (54) and (55) the following I + 2no = 224. There are no vector 
multiplets, and in addition to the heterotic dilaton, Uhet has to correspond to the number of A/" = 1 chiral 
multiplets nc on the F-theory side. Given that r = x(^4) = 0, from (51) one gets: h?'^{X4) = 128 = Uo- 
This gives I = -32. Using the relation: = 8 + h'^''^{X4) - h^'^{X4) + h^'^{X4), one sees that the 

elliptically 4-manifold X4 that we are looking for is characterized by: 

/ji'i (X4) = 12, h^'^ (X4) = 128, h^'^ (X4) = 108. (60) 

This is consistent with (57). The /t^'^(X4) can be determined by the following relation [31] /i^'^(X4) = 
2(22 + 2/1^'^ (X4) + 2h^'^{X4) - h'^'^{X4)) = 268, which has been obtained from the definitions of elliptic 
genera in terms of hodge numbers and as integrals involving suitable powers of suitable Chcrn classes, 
and ci{X4) = 0. Hence, M = 1 Heterotic Theory on ^^^^ is dual to F-theory on an elliptically fibcrcd 
Calabi-Yau 4-fold: X4[h^''' = 12, h?'^ = I2i,h?^^ = 108; 0] CP^ x £. We now discuss an apparent 
puzzle. At the A/" = 2 level, Heterotic on K3 x should be dual to F-theory on Cy3(3,243) x 
as a consequence of repeated fiberwise application of duality to the basic duality that Heterotic on 
is dual to F-theory on i^3, as well as because type HA on a Cls should be dual to F-theory on 
CY2, X and Heterotic on A:3 x is dual to type IIA on (713(3,243). Hence, it is possible that an 
orbifold of K3 x on the Heterotic side should correspond to a suitable orbifold of CY^ x on the 
F-thcory side. Note, however, even though a naive freely acting orbifold of (713(3,243) x gives the 
right null Euler Characteristic, it can not, for instance, give h^'^ = 12, i.e., an enhancement over the 
/i^'^ ((713(3, 243) X r^) = 3 + 1 = 4. This is unlike the case of the F-theory dual of Heterotic on Voisin- 
Borcea (713(19, 19) which corresponded to an involution with fixed points, considered in [28]. Of course, 
given the string/M/F dualities, the X4 with the derived fibration structure and Hodge data must exist, 
as the F-theory dual corresponding to Heterotic on (713(11, 11) must exist. One needs to look further 
into this issue. 

The CY4 with the required fibration structure and Hodge data given in as derived above is missing 
from the list of hypersurfaccs in WCP^ of Kreuzer and Skarke because it is not possible to get the desired 
CY4 as a hypersurfacc in any toric variety as fibrations of toric hypersurfaccs have bases that are toric 
varieties, and the Enriques surface, £, is not a toric variety. Perhaps, one needs a "nef partition" (one 
could use "nef.x" part of the package PALP [32]) that makes the base, CP^ x f a toric hypersurface. One 
might have to work with complete intersections in toric varieties. 

3.2 Type IIA on (7K^(3, 243) and D = 11 Supergravity Uplift of its Orientifold 

The periods are the building blocks, e.g., for getting the prepotential in AA = 2 type II theories com- 
pactified on a Calabi-Yau. It is in this regard that the Picard-Fuchs equation satisfied by the periods, 
become quite important. In [7], we addressed the issue of deriving the Picard-Fuchs equation on the 
mirror Landau-Ginsburg side corresponding to the gauged linear sigma model for a compact Calabi-Yau 
Cl^(3, 243), expressed as a degree-24 Fermat hypersurface in a suitablcweightcd complex projective space, 
but staying away from the orbifold singularities by taking the large-base limit of the compact Calabi-Yau. 

implying that the number of complex structure deformations, h^'^ is given by (17+15+13+. ..+3+1 =)81+(25+23+...+3+l = 
)169 — (3 + 3 + 1) = 243. Hence, elliptic fibrations over both Fq and F2 give the same hodge numbers. We will work with 
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Even though, one ended up with more than the required number of solutions, but the essential idea that 
was highlighted was the ease with which, both the large and small complex structure limits could be 
addressed, and the fact that the nonanalytic /n-terms in the periods, could be easily obtained without 
having to resort to parametric differentiations of infinite scries. In this paper, we address the problem of 
getting the right number of the right kind of solutions on the mirror Landau-Ginsburg side, but this time 
after having resolved the orbifold singularities. We also address the problems of showing that unoriented 
instantons do not generate a superpotential on the type IIA side in the = 1 Heterotic/type IIA 
dual pair of [23], whose M and F theory uplifts were discussed in [6]. It was shown in [7], using mirror 
symmetry, that as expected from the Heterotic and F theory duals, there is indeed no superpotential 
generated from RP^-instantons in the type IIA side in the large-base limit of (713(3,243), away from 
the aforementioned orbifold singularities of the relevant Fermat hypersurface. In this paper, we show 
that the same remains true even after the resolution of the orbifold singularities. Further, we discuss the 
supergravity uplift of the type IIA orientifold that figures in the abovementioned = 1 Heterotic/type 
IIA dual pair, to D = 11 supergravity. We evaluate the Kahler potential in the large volume limit 
of Cy3(3, 243). As an interesting aside, we give a conjecture about the action of the antiholomorphic 
involution that figures in the definition of the type IIA orientifold, on the periods, given its action on 
the cohomology of Cl3(3, 243), using a canonical (co)homology basis to expand the holomorphic 3-form. 
We verify the conjecture for and (partly) for the mirror to the quintic. 

By following the alternative formulation of Hori and Vafa [33] for deriving the Picard-Fuchs equation 
for a definition of period integral in the mirror Landau-Ginsburg model, we obtain solutions valid in 
the large and small complex structure limits, and get the In terms as naturally as the analytic terms 
(i.e. without using parametric differentiation of infinite series). We also study in detail, the monodromy 
matrix in the large and small complex structure limits. 

Consider the Calabi-Yau 3-fold given as a degree-24 Fermat hypersurface in the weighted projective 
space WCP'' [1,1,2,8,12]: 

P = zf + zf + zf + z| + z| = 0. (61) 

It has a Z2-singularity curve and a Z4-singularity point. Z2 and Z4 singularity resolution <-> The two new 
chiral superfields needed to be introduced as a consequence of singularity resolution, correspond to the 
two CP^'s that required to be introduced in blowing up the singularities. One then has to consider three 
instead of a single (7* action, and the (7^3(3,243) ^ can be expressed as a suitable holomorphic quotient 
corresponding to a smooth toric variety. To be more specific, one considers the resolved Calabi-Yau 
(713(3,243) as the holomorphic quotient: ^^jrlhyp constraint; where the diagonal (C*)^ actions on the 
seven coordinates of (7^ are given by: 

~ }^^ix\ no sum over j; a = 1,2,3, (62) 

where the three sets of charges {CtiZ^yi 7} (t'^^ "0" being for the extra chiral superfield with Q\ = 
*The CF3(3, 243) considered in this paper will be an elliptic fibration over the Hirzebruch surface F2. 
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— J2i=i Q?[34]) are given by the following: 



A.Q A.\ A.2 <^3 <^4 <^5 <^6 '^7 

(63) 



QP: 1 
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gf ^ : 
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gf ^ : -6 
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Q(i) + 2Q(2) + 4Q(3) 




-24 1 1 





2 8 


12 



where on noting: 

(64) 

one identifies Xsj as the two extra chiral superfields introduced as a consequence of singularity resolution. 

The Landau-Ginsburg Period for the resolved (7^3(3,243), as per the prescription of Hori and Vafa, 
is given by: 

i=Q a=l a=l 

3 T 3 T 

a=l "Ha-) ■' i=0 a=l i=l 



' d 



= E^i«^n(ti,2,3); (65) 



a=l 



daa = charge matrix, a indexes the number of hypersurfaces and a indexes the number of ?7(l)'s. For 
Cy3(3, 243), a = 1, a = 1, 2, 3 with du = du = 0, dis = 6. 
Consider: 



7 3 7 

n(tl,2,3,{M)= / lldy^Il^(J2Qi''^Yi-Q0^Y0-Ha))e-^^=0^^'-"\ 
J i=0 o=l i=l 



(66) 



One can show that: 

mi,2,3, M) = n(i'l,2,3> = 1}), (67) 

where 

t[ = ti + ln{^l/^i^2), t'2 = t2 + ln{y.y^^^A), = + ln{iil/ i^7i4l4)- (68) 
Eliminating lo,3,7 gives a order-24 Picard-Fuchs equation: 

aMiom?^^''^'''^ = ^n(,,,,3). (69) 

which is the same as the PF equation for the unresolved hypersurface away from the orbifold singularities. 
This overcounts the number of solutions. 

The right number of solutions must be 2^^'^ (Mirror) + 2 = 2.3 + 2 = 8. To get this number, one notes 
that by adding the three constraints: 

Y1+Y2- 2Y3 = h; Ys + Y^- 2Y7 = t2; -6Y0 + 2F5 + SYq + = ta, (70) 



17 



one gets: 

-6Fo -Y^-YT + Yi+Y2 + Yi + 2Y^ + SFe = ti + t2 + h, 
which aUows one to write the fohowing order-8 PF equation: 



dfiidi^2dn4:dfiidfi^ 



duldii^dii-j 



n(ti,2,3). 



(71) 



(72) 



If 0j = then one gets: 



©?©2 n n(-^03 -k)- e-(*i+*2+*3)(2e2 - e3)(2ei - 62) 11(603 -i) 

1=2 k=0 3=0 



n = o 



with z = e (*'i+*2+*3); 2— = A2, and rescahng : 

dz 

A^(A, - i)A,(A, - i)(A, - ^) + ^ ^(A, + 1)^1 

j=0 



n = o. 



(73) 



One solution to the above 



i I I I I 



equation is: 8-^7 K J J f J | i 



3 3 



For e = z, t' = t\ + 2*2 + 4*3 and suitable rescaling of z, the relevant order-24 PF equation for 
the unresolved hypersurface is: 



a2a,(a, - 1) n(A, - ^) n(A, - ^)n = z n(A, + 



24 



(74) 



One solution can be written in terms of the following generalized hypergeometric function 
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(75) 



Prom the above solution, Meijer basis obtained using properties of pFq and the Meijer function I: 
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Qi a2 03 
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. m=i m) J 
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- hj)..cc 


di...dD 



(76) 



18 



ai. 


.MA 


hi. 


..bB ^ 


Cl. 


-CC 




..do 




satisfy the same equation. 

2 3 

Now, z = e~(*'i+*2+*'3) = g-(«i+t2+t3) w^^l^fl^Vfe _ Hence, one can solve for large (= \z\ « 1) and small 

complex structure (= \z\ » 1) limits, as well as large-size-Calabi-Yau limit(= ti ^ oo <^ \z\ << 1) 
on the mirror Landau-Ginsburg side with equal ease using Mellin-Barnes integral represention for the 
Meijer's function /, as in [35] and in (77) below. 

Now, to get an infinite series expansion in 5; for < 1 as well as \z\ > 1, one uses the following 

.^ntilhzjmUlhlA^, (77) 

n?.ir(ct-»)n£,r(<J, + ») 

where the contour 7 lies to the right of:s + bj = —m G Z~U{0} and to the left of: Oj — s = —m G Z~U{0}. 

This, l^l << 1 and \z\ » 1 can be dealt with equal ease by suitable deformations of the contour 
7 (see Fig. 1) to 7' and 7" respectively (See Fig. 2). Additionally, instead of performing parametric 
differentiation of infinite series to get the in-terms, one get the same (for the large complex structure 
limit: \z\ < 1) by evaluation of the residue at s = in the Mellin-Barnes contour integral in (77) as is 
done explicitly to evaluate the eight integrals in (78). 

The guiding principle is that of the eight solutions to IT, one should generate solutions in which one 
gets {Inz}^, P = 1, ...,4 so that one gets {lnz)^~^ for 11, and one can then identify terms independent 
of Inz with Z^, three (Inz) terms with Z^''^'^, three {Inz)^-"^ terms with -Fi^2,3 = -q§t^, and finally 
{Inz)^-^ term with Fq = -§§^. 
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One (non-unique) choice 



of solutions for 11 (z) is given below: 



/ 



0i2345QQ\ 
^66666'-'"-' * 



11 1 1 2 1 



(-^) 



/ oH 1 



1 2 3 4 5 
6 6 6 6 6 



V 111 



111 



n 1 2 3 4 5 
^ 6 6 6 6 6 



\ 



V 1 

/ OOl 



1 1 1 



2 1 

3 3 



(-^) 



V 1 



/oof 



n 1 2 3 4 5 
" 6 6 6 6 6 



\ 




1 1 i 1 i 

^-^2-^3 



Oi2345Q \ 
6 6 6 6 6 * 



(^) 



llllf ) 



1 2 3 4 5 r, \ 
6 6 6 6 6 ^ * 



111 



2 1 

3 3 



1 2 3 4 5 r. \ 
6 6 6 6 6 ^ \ 



1 1 



12 1 
2 3 3 



Fi 

F2 

Fa 

Z3 



(78) 



/ I 



V 11 



1 2 3 4 5 \ 

6 6 6 6 6 \ 



(^) 



1 1 



1 2 

2 3 
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(a) 



/ 



Oi2345oo\ 



V 

e{i-\z 



1 1 1 1 2 1 



^ ' 27^^^ [r(. + i)]3r(i + .)r(| + .)r(i + .) 



2(27r)' 



In 



2233 
"6^ 



65 



+ ln{-z)] +yMn( 



2233 



+ ln{-z) 



+ /n(-z) + 402C(4) 



+i^- 1440<(3)(,„(^ 



27 + 6^'(6m) - 2^'(2m) - 3^'(m) - 3m^ + In 



+ E 



2^3^ 



(27r)222-«""r(6m) 
'-^ m3(m!)233mr(i +m)r(3m) 

{-zY 



-e{\z\ 



I) 



- (_)m(r(^+i)2r(_^^2. ^ 



.m=0 



00 (-)"^(r(m + |)^r(- 

ii) (m+|)3m! 



(m + |)3m! 

3^ 



1 

'6 + 



-{-z)- 



(79) 



The connection between (78) that effectively depends only on one complex structure parameter z 
g-(*i+*2+«3)_X_^ and the solutions given in the Uterature [36]of the form: 



m+pm n+pn JP+Pp 



z. 



Zn 



\pm=pn=Pp=0: 



(80) 



m,n,p 



with Sm + Sn + Sp < 3, and zi = Z2 = z^ = ^^^g^^ , needs to be understood. The appearance 

P3 1^7 ^0 

of dp^dp^dppJ2m,n,p (^0) is what was referred to earher on as parametric differentiation of infinite 
series, something which, as we have expUcitly shown above, is not needed in the approach followed in 
this work. 

The Picard-Fuchs equation can be written in the form[37]: 



Al + Y,B^{z)Al)uiz) = 0. 
1=1 ^ 



(81) 



The Picard-Fuchs equation in the form written in (81) can alternatively be expressed as the following 
system of eight linear differential equations: 

/ \ 

n(z) 

A,n(z) 
(A.)2n(^) 



A. 
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1 







1 



...0 
...0 








A^n(z) 
(A.)2n(^) 




V -Bi(z) -B2(z) 



...0 1 

-B6(z) -B7(z) y 



(82) 



V (A,)7n(z) j 



The matrix on the RHS of (82) is usually denoted by A{z). 

If the eight solutions, {n/=i,...,8}; are collected as a column vector 11(2:), then the constant* monodromy 
matrix T for |z| << 1 is defined by: 

n(e2'^^z) = Tfl{z). (83) 

The basis for the space of solutions can be collected as the columns of the "fundamental matrix" $(z) 
given by: 

^{z) = Sfi{z)z'^\ (84) 

where S^{z) and are 8x8 matrices that single and multiple- valued respectively. Note that Bj(0) ^ 0, 
which influences the monodromy properties. Also, 



/ 



ni(z) . 




A,ni(2) . 


. Allsiz) 


AlfL,{z) . 


.. A^ilsiz) 


^Alni(z) . 


.. AllLsiz) 



(85) 



implying that 



Now, writing z^ 



T = e 



(86) 



^Rlnz 



1 + Rlnz + B?{lnz)'^ + and further noting that there arc no terms of 
order higher than {Inz)'^ in ti[z) obtained above, implies that the matrix R must satisfy the property: 



R 



0, m = 5, ...oo. Hence, T = e^""'^* = l + 2mR^ 



{R 



{R ) ■ Irrespective 



2 v-"- ; ^ 6 v-"- y ^ 24 
of whether or not the distinct eigenvalues of ^(0) differ by integers, one has to evaluate e^'^*'^^^^. The 
eigenvalues of ^(0) of (90), are 0^, |, ^, |, and hence five of the eight eigenvalues differ by an integer (0). 

Now, the Picard-Fuchs equation (73) can be rewritten in the form (81), with the following values of 
Si's: 



B 



5z 



1,2 



Bps = 



= = 324(1 + z)'^^ 
(fz-j) ^ _ (26 + 85Z) 



137 



648(1 + z) 



(1 + ^) 



, Bfi = 



36(1 



B7 = - 



(3 - bz) 
2(1 + z)' 



(87) 



This thus imphes that both IL and H, have the same monodromy matrix. 
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Under the change of basis fi{z) = M ^fi{z), and writing fij{z) = J2j^Q{lnzyqij{z) (See [35] 

and the appendix), one sees that 



q'{z)=q{z){M-y, 

$'(z)$(z)(M-i)*, S'{z) = S{z){M-y, R' = M'R{M-y. 
By choosing M such that ^'(O) = I24, one gets 

r(0) = M(e2^'^^(°))*M-\ 

The matrix ^(0) is given by: 



A{0) 



( 

1 

1 

1 

000010 

1 

000000 1 

1 

Vo i -If i; 



(88) 



(89) 



(90) 



Using MATHEMATICA, one then can evaluate the "matrix exponent" involving A(0). 
Writing the solution vector as Hj = Y^i=(i^'^^y Hi (following the notation of [35]), one notes: 



(#')i = (n')f = [s'z^^^^\ = {Inzyq^,. 



(91) 



From (91), one gets the following: 



For 5 < i <7, consider, e.g., i = 5. Then from the expression for above. 



Y,{q')j,{lnzy = {S'U[fo5{zKz'^) + E c^ilnzr] + {S')oi[MzK z's) + ^ c(25)(Z„z)"] 



(92) 



i=o 



n=l 



3 

n=l 



(.5')o2[/25(-^^-^^) + E c^^HlnzT] + {S'Mf3r,{zKz"^)+cf\lnz)] 

n=l 

+ iS')04h5{zKz'^) + {S')o5Mz-^) + iS')06f65{zKz'^) + (5')o7/75(^5; 



(93) 
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where the fij's and c^'s can be determined from the expression for z^^^ given below. From (93), one 
gets: 



i=Q 



i=0 i=0 



i=0 



Prom (94), one gets: 



(9'(0))o. = /o^(0);(<z'(0)), 



1 < i < 4, 5 < j < 7. 



(94) 



(95) 



Again using the MATHEMATICA notebook format, the value of as evaluated by MATHE- 

MATICA is given by: The matrix q' introduced in (91) is given by: 



/ 1 




\0 








1 

6 



^ 




\ 



16 (s) 



(96) 



Further, the matrix q is of the form: 





/ 


900 


qoi 


qo2 


903 


904 


905 


906 


907 


\ 






qio 


qn 


qi2 


913 


914 


915 


916 


917 




Q = 









922 


923 


924 


925 


926 


927 




















934 


935 


936 


937 






\ 














944 











/ 


equation q' 




q{M 




one 


sees 


that 


one 


has 40 equat 



(97) 



the freedom to (judiciously) give arbitrary values to 24 variables, bearing in mind that from the forms 
of the matrices q' and q{M~^Y, the values of {M~^)\j^ are fixed. We set: Mij = 6ij for < i < 3 and 
< i < 7. 

The above matrix equation can then be solved for the 64-24=40 entries (M""^)*^ 4<?<7, 0<j<7 
to give the following result: 
(^"')30 = where 

-^30 = 906 910 927 935 + 916 927 935 " 900 9l6 927 935 - 905 9l0 927 936 " 915 927 936 + 900 9l5 927 936( — 1 + 
900) 917 (926 935 - 925 936) + 907 9l0 (-(926 935) + 925 936)- 

906 910 925 937 - 916 925 937 + 900 916 925 937 + 905 910 926 937 + 915 926 937 - 900 915 926 937 

^30 = -(903 917 926 935) + 903 9l6 927 935 " 905 9l7 923 936 + 903 9l7 925 936 + 905 9l3 927 936 " 903 9l5 927 936 + 

907 (-(9I6 923 935) + 913 926 935 + 9l5 923 936 " 9l3 925 936) + 

905 916 923 937 — 903 9l6 925 937 — 905 9l3 926 937 + 903 9l5 926 937+ 
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qo6 {qn q23 qsb - qis 527 535 - qi5 ^23 937 + qi3 ^25 qsj), 



(M-i)*3i = ^ where 

-^^31 = goi'?17'?26'?35 - qoiqwq27q35+q05qi7q2iq36 - 90igi7925 g36 + 905g27936 - g05gilQ'27g36 + g0l9l5g27q'36 + 

907(916 921 '?35 + 926(935 - 911 935)- 

(915 921 + 925 - 911 925) 936) - 905 916 921 937 + 901 916 925 937 " 905 926 937 + 905 9ll 926 937 " 901 9l5 926 937 + 

906 (-(917 921 935) + (-1 + 911) 927 935 + 
(915 921 + 925 - 911 925) 937) 

^31 = —(903 917 926 935) + 903 916 927 935 " 905 9l7 923 936 + 903 9l7 925 936 + 905 9l3 927 936 " 903 9l5 927 936 + 

907 (-(9I6 923 935) + 913 926 935 + 9l5 923 936 " 9l3 925 936) + 905 9l6 923 937 " 903 9l6 925 937 " 905 9l3 926 937 + 
903 915 926 937+ 

906 (917 923 935 — 913 927 935 — 9l5 923 937 + 9l3 925 937), 



(M-i)io = (M-i)ii = (M-i)i2 = (M-l^* 



-i\t 

)i7 



43 — 0' (-^ ^)44 — 24^' 



-3 
iq44 



(^-% = 3^ii>(^-')i6 = T4l'(^" 

In the above expressions for {M~^Y, the non-zero q'ljS, < i < 4, < j <7 are given in [8], e.g. 

'22.33 



900 

901 = 27r 



~3~ 

2 



In 



In 



902 



903 



904 



V3\ 



In 



66 

66 

22.33 

66 



+ ITT 
14 2 



+ 



/22.33 



-1440 



In 



V 66 

In 

22.33 
66 



TT 

22.33 



TT 

71. 
2 



1 2 



+ 57r^ 



66 



65 



In 



905 = 27r 



In 



22.33'' 
~66~ 



+ 402C(4) 



+ iTT I + 157r In 



22.33 
66 



22.333 

~"6^ 



+ iir 



+ 



1697r^ 



- 356C(3) 



(98) 



The matrix (M^^)* is non-singular as the determinant is non-zero. Using MATHEMATICA, one can 
actually evaluate T, but the expression is extremely long and complicated and will not be given in this 
paper. 

The monodromy around z = 00 can be evaluated as follows(similar to the way given in [35]). For 
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1^1 >> 1, one can write: 



^a{z) = ^Aaj{z)Uj{z), O = 0, 7, 

i=i 



where Uj{z) = e e. Now, as z — > e^^'^z, with obvious meanings to the notation: 



(99) 



T„(oo) 



/ 


e 3 














\ 







2i-7r 

e 3 










































e 3 







V 














e 3 


I 



(100) 



Now, using 



n(z 



Aiz ^ e"''^z)r„(oo)n(z)U_oo = T{oo)A{z)u{z)U 



(101) 



So, equation (101) is the defining equation for the monodromy matrix around z oo. Note, however, 
that from the point of view of computations, given that the matrix A is not a square matrix, (101) 
involves solving 40 equations in 64 variables. The 8x5 matrix Aai{oo) with a = 0, ...,7 i = I, ...,5 for 
z — ^ oo, is given below: 



^(oo) = 



(27r)2 62 — — 



2i6(r(|)2r(i) 

2167rr(|) 



(r(|)) 



2i6r(i)r(|) 



-2i6(r(i))2r(|: 



r(l) 

4327rr(l) 

V3r(|) 
2i6^r(i)r(f) 
r(-) 

2i6(r(i))2r(|) 



54V37r^ 








277rr(-|) 



8(r(W 








270Fr(i)r(-i) 



-288 

16 
a/Stt 











r(|)r(i) 


4(r(i)2 



277rr(-|) 



8{r(W 









12^ r(-§)r(-i) 
25V3 r(f )r(i) 

125 (r(i))2 


-fi(r(|))^r(-|) 

2i6r(|)r(-|)r(-i) 



125 T(Xr 

27Vir(|)r(i) 2i6 r(|)r(|r(-|)r(-i) 

4 r(i) 125^^ 







2i6 r(|)r(-|) 
"125 r(i) 



02) 



Given that {Tu)ij = e 3 Sij, no sum over one sees that the equation (101) becomes: 



Aaj (oo) = Tab{oo)Ahj {oo), 



(103) 



(no sum over j) which needs to be solved for Tab{oo). MATHEMATICA is unable to perform the required 
computation - however, it is in principle, doable. 

Unfortunately, MATHEMATICA is not able to handle such a computation, this time. However, it is 
clear that it is in prinicple, a doable computation. 
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As done in [21], consider F-theory on an elliptically fibered Calabi-Yau 4-fold X4 with holomorphic 
map TT : X4 ^ Bs and a 6-divisor D3 as a section such that 'k{D^) = C2 C B3. Then for vanishing size of 
the the elhptic fiber, it was argued in [21] that 5-branes wrapped around Da in M-theory on the same 
obeying the unit-arithmetic genus condition, xi^z, Ods) = correspond to 3-branes wrapped around C2 
in type IIB, or equivalently F-theory 3-branes wrapped around C2 C B^. It was shown in [21] that only 
3-branes contribute to the superpotential in F-theory. As there are no 3-branes in the F-theory dual [6], 
this implies that no superpotential is generated on the F-theory side. As F-theory 3-branes correspond 
to Heterotic instantons, one again expects no superpotential to be generated in Heterotic theory on the 
self-mirror Ci3(ll, 11) based on the M = 2 type IIA/Heterotic dual of Ferrara et al where the same 
self-mirror Calabi-Yau figured on the type IIA side and the self-mirror nature was argued to show that 
there are no world-sheet or space-time instanton corrections to the classical moduli space. 

If the abovementioned triality is correct, then one must be able to show that there is no superpotential 
generated on type IIA side on the freely-acting antiholomorphic involution of (713(3,243). 

On the mirror type IIB side, the W is generated from domain-wall ( = D5-branes wrapped around 
supersymmetric 3-cycles ^ CYs's) tention. Wub = Sc-dC=Y^ Di ^3' ^i'^ 2-cycles corresponding to 
the positions of Z)5-branes or 05-planes, i.e., objects carrying F)5 brane charge. From the world-sheet 
point of view, the Db branes correspond to disc amplitudes and 05-planes correspond to RP^ amplitudes. 
As there are no branes in our theory, we need to consider only RP^ amplitudes. Now, type IIA on a freely 
acting involution of a Calabi-Yau with no branes or fluxes can still generate a superpotential because it 
is possible that free involution on type IIA side corresponds to orientifold planes in the mirror type IIB 
side, which can generate a superpotential. 

The same can also be studied using localization techniques in unoriented closed string enumerative 
geometry [38]. Consider an orientation-reversing diffeomorphism cr : E S, an antiholomorhpic invo- 
lution on the Calabi-Yau X I : X ^ X and an equivariant map f :Ti ^ X [satisfying f o a = / o/]), 
then the quotient spaces in / : j- possesses a dianalytic structure. In the unoriented theory, 

one then has to sum over holomorphic and antiholomorphic instantons. For connected -^y, the two 
contributions are the same; hence sufficient to consider only equivariant holomorphic maps. One con- 
structs one-dimensional torus action, T, on X compatible with / with isolated fixed points. The action 
T induces an action on the moduli space of equivariant holomorphic maps, and one then evaluates the 
localized contributions from the fixed points, using an equivariant version of the the Atiyah-Bott formula, 
much on the lines of Kontsevich's work. For a Calabi-Yau 3-fold, the virtual cycle ''[Mg^Q{X, j3)]^^^^" is 
zero-dimensional, and one has to evaluate J^^virt er(jv"^''*) ' ^'^^'^^ = fixed locus in the moduli 

space of symmetric holomorphic maps, and one sees that one gets a match with similar calculations based 
on large N dualities and mirror symmetry 

For / (POWlg to be invariant under ^.lo, given that the measure is reflected under Q, to : Wlg 
-Wlg- 

away from the orbifold singularities : Promoting the action of uj to the one on the chiral superfields: 

Lo : {Xi,X2, X4,X5,Xq, Xq) {X2, —Xi,X4,X5,Xq,Xq), (104) 
and using Re{Yi) = [A^j^, one gets the following action of u on the twisted chiral superfields YJ's: 

LO :Yi^Y2 + iir, Y2^Yi + m; lo,4,5,6 ^ ^0,4,5,6 + ^tt. (105) 
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The action of iv on 14,5,6,0 implies that to acts without fixed points even on the twisted chiral superfields, 
further implying that there are no orientifold fixed planes, and hence no superpotential is generated on 
the type II A side away from the orbifold singularities. 

after singularity resolution: Writing W = nJ=o'2eo r'^i^ with the requirements that -6 = for 
a = 1,2, 3 and < 1[39] , one sees that Xo nj=i 

is an allowed term in the superpotential. A valid 

antiholomorphic involution this time can be: 



u : (Aq, Xi,X2, ^3, A4, A5, Ag, X'j) — > (Aq, A2, —Xi, —X^, X4, Xq,Xq, A7). (106) 

This on the mirror LG side again implies that one will have free actions w.r.t. lo,3,4,5,6,7 implying there can 

be no orientifold planes and no superpotential (is likely to be) generated even after singularity resolution. 

The M-theory uplift of the type II A side of the J\f = 1 Heterotic/type II A dual pair of [23], as 
obtained in [6], involves the 'barely G2-manifold' ^''^'i^'^'^'^)^^ _ jj^ ^j-^ig section we consider the D = 11 
supergravity limit of M-theory and construct the M = 1,D = 4 supergravity action, and evaluate the 
Kahler potential for the same. 

The effect of the Z2 involution that reflects the 5\ H^'^iCYs) and takes HP'1{CYs) to mP{CY?,) for 
p + g = 3, where the CY^ is the one that figures in ^^^f^' level oi D = 11 supergravity can be 

obtained by first compactifying the same on an , then on CY^ (following [40] ) and eventually modding 
out the action by the abovementioned Z2 action. 

The D = 11 supergravity action of Cremmer et al is: 

■^11 = -2^11-^11 ~ -^{GMNPqf' + ^^^e*^°'''*'^^°GMo...M3GM4...M7C'M8M9Mio' (107) 
which after dimensional reduction on an , gives: 



'•'2 

~Y2^^^'^ ^ ^mnp + (^4gp ^ ° ■'(-^mo-.-ms + 6-Frnomi-Bm2m3)-?^m4...m7-Bm8mg) (108) 



where 



Gmnpq — Q^mCmpq] 

Fmnpq — '^d^rnC'npq]] Brnn — C'mnlOj Hmnp — '^d^m^np]': -^mn = 29[j„74^]; 

Cmnp ~ A^Yip ~\~ 3^[ni-Snp]) (109) 



and 



en M 



A _ ( eio m (PAm 







A,M = 0,..., 10; a,m = 0,...,9. (110) 



We thank A.Klemm for bringing [39] to our attention. 



28 



After compactifying on a CI3, one gets the following Lagrangian density: 
e.g., after a suitable Weyl scaling: 



(111) 



= e 



where ^,5 = 1, ...,h^'^{CYs), a,/3 = 1, ..../^^.^(CFa), 



Gab 



2V 



,V = ^| JAJAJ,G^^ 



(112) 



$ being a (2,1) form, and the h^'^ moduli = \/2v'^(p~^, entering in the variation of the metric with 
mixed indices and the h^'^ moduli Za entering in the variation of the metric with same indices, one gets: 
Under the freely-acting antiholomorphic involution, the /i^'^-moduli M^/v"^ get projected out, Gab is 
even, and A'^ gets projected out. Thus, one gets: 



£| /Z2 = e 



K-3\2 + ^a/^O'/x^ O'^^ 



4 (V0-3)2 



(113) 



Defining S = 4> + iD-l{^ + ■i')R-^{tP + ^),4> = V^Vii 



\ ^/(=o,i,...,/i2.i) appearing in the expansion 



of the real 3- form A^np in a canonical basis of if , D being a Lagrange multiplier, and 



, (i?-!)^'^ = 2^iV-i(l-KZ-KZ)^ , (114) 



where Z^ and zF/ are the period integrals, Njj = j{Fjj + Fjj), and Kj 



Jqaq 



, with 0/ 



af7 



Here, it is assumed that the holomorphic 3-form O is expaneded in a canonical cohomology basis (a/,/3^) 
satisfying 

(115) 



J ^aj = J ai AP'^ = - J = ^ J Aai = Sj 



with {A^\Bj) being the dual homology basis. The period integrals are then defined to be: Z^ = O, 
and iFj = J^^ Q,. Hence, 

n = Z^ai + iFi(3^. (116) 
For the J\f = 1 case, we work in the large volume limit of the Calabi-Yau. In this limit, one gets: 



jrsr^y+HO+H^+HS^^^ = e -| - GAsOyd'^a^ + G^^d^Z^d^^Z'^ - 



1 {d,ct>f 



(117) 
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Hence, one gets for the M = 1 Kahler potential Kj\f=i: 



Ku=i = K[a^,Z^] + ^ln[4>]. (118) 

At the TV = 2 level, if there were decoupling between the fields of the i/^-sector from the other fields of 



the other sectors, the Kahler potential would be consisting of In 
the iJ^-sector. Prom the definitin of S above, one sees that: 



from 



S + S +^{^ + '^)R-\^ + ^) = 2(f). (119) 

This partially explains the appearance of ln[(/)] in K_\f=i. 

Given the action of an antiholomorphic involution on the cohomology, it is in general quite non-trivial 
to figure out the action of the involution on the period integrals using the canonical (co)homology basis 
of (115). We now discuss a reasonable guess for the same. From (119), one sees that the RHS is reflected 
under the antiholomorphic involution discussed towards the beginning of this section. We now conjecture 
that on the LHS, this would imply that 

S ^ -S, (* + *)2 ^ (* + *)2, Rjj ^ -Rjj. (120) 

We further conjecture that Rjj —Rjj is realized by 

-Z^, iFi -iPi ai -ai, ^ . (121) 

One should note that given that the antiholomorphic involution is orientation reversing, the intersection 
form / aj is also reflected. This fact, e.g., can be explicitly seen in the real basis of H^{T^, Z)[41, 8]: 
Further, the conjecture at the level of action on the cohomology, can also be checked for the mirror to 
the quintic, for which h^'^ = 1. 



4 Connection with MQCD 

In this section, we make some observations and speculative remarks regarding the possible relationship 
between each of the two parts of the paper above and Witten's MQCD. When uplifting configurations 
involving NS5 and D4 branes to M-theory that displayed the interesting properties of chiral symmetry 
breaking, confinement, etc, Witten in [34] showed that the world volume of the M5-brane is topologically 
R^'^ X S, where S is a Ricmann surface (embedded in a Calabi-Yau 3- fold for = 1 MQCD). Now, the 
compact (713(3,243) has been central in the second part of this paper, both at the N = 2 and at the 
N = 1 levels. The mirror to the same, CY3(243, 3) as shown in [42], can be expressed as a K3-fibration 
over CP-^ and written as the following degree- 24 hypersurface in WCP^[1, 1, 2, 8, 12]: 

W(a. b, c) = 1(C + ^ + 2).7:i2 + i-42 + ^xl + ^xl + ^{^0X3)'' + {-^)-^xoX3X4X5 = 0, (122) 
«This however assumes that ^ = - IPjj^ - ^ (nz^Inz^z" F^q,, = 
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where a = — b = 1/^2'^, c = — V'0,1,2 = three complex structure deformation parameters entering 

^ 1 J 

W(xo,xi,X2,X3,X4,X5;ipo,ip2,'(p2)- Further, in the X2 7^ coordinate patch, ^ = and xf = xo(i^, ^ 

being CP^ coordinate. By choosing a particular a'-scaling for the three complex structure deformation 
parameters: 

a~e, 6~e^l-c~e,e= (a')^ ^0, (123) 
to get the SU (3) Seiberg-Witten regime, , the corresponding hypersurface can be rewritten 

3 A*5 

(a') 2 (z + — + 2Pa2 {x,u,v)+y'^ + w'^) + O(e^) 

= ei {{[{x - ai{z)) +y^ + w^) + 0{e^), (124) 

i=l 



where one sees the Riemann surface [42] 



3 



^■.llix-aiiz)). (125) 



i=l 



In addition, chiral symmetry breaking in the model results in the formation of domain wall separating 
different vacua, whose world-volume is topologically given by i?^'^(X°'^'^ x S{x^'^'^), where 5 is a su- 
persymmetric 3-cycle embedded in a G2-manifold that is topologically R(x^) x ('Rp{x^'^'^''^'^ x 5"^(a;"^°) 
Complexifying the coordinates, v = + ix^, w = x'^ + ix^, s = x^ + ix^, t = e~''^, the boundary condition 
on S is that as x^ —00, S —>■ H x T, and as x^ —>■ 00, S* ^ R x E', where T, : w = Cv~^, t = v"' and 
H' : w = e~(v~^,t = u". Following the notations of [43], the calibration for G2 manifolds can be written 
as: $ = 6^23 +e^36+e^^^ + 6^35 -e^^e + e^^'^+e^^^ (slightly different from (20); e'^'' = AeMe^), and then 
the supersymmetric 3-cycle embedded in the G2-manifold will be given as: w = w{x^,v, v), s = s{x^,v, v). 
Then with the choice of vielbeins as:e^ = dx^^jC^ = dx^, = dx^, = dx'^, = dx^, = dx^, = dx^ 
and x^ = A,x'^ = C, x^ = D, = B, the condition for supersymmetric cycle: = ^/gdx^ A dx^ A dx^, 
after further relabeling x^'^'^ as y^'^'^ and after assuming: diA = d2B, d2A = —diB{= Cauchy-Riemann 
condition), translates to give: 

[diAdaA - d2d^B + diCd^C - d2Cd^Df + [92^93^ + d^Ad^B + 32^93^ + diCd^Df 

= [1 + {diAf + {d2Af + {diCf + {d2Cf][{d^Af + {dsBf + {dsCf + {dsDf]. (126) 

The ansatz to solve (126) taken in [43] was: 

-4(yi,y2,y3) = -^n(yi +y|) + ^ — a2m, 

m=l •^^■^"2/3 

_ y2 2 2m 

-6(^1,^2,2/3) = -2tan (— )+ > — b2m, 

yi ^1 coshys 

C{yuy2,yz) = {tanhyz){ 2^1^ 2 )^ 

D{yi,y2, yz) = {tanhy^){ ^ ^ 2 ). (127) 

Vl + 2/2 
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However, no explicit forms of a2m and 62m were given that would solve (126). In [4], however, choosing: 
= dx^^, = dx^, = dx^, = dx"^ , e' = dx^, dx^, and for the SU(2) embedding of the 
supersymmetric 3-cycle in the G2-manifold, the ansatz taken is: 



Ml. 
e 2 



2m 



W 



(tanhys 

00 

E 



e 2 



-yi 



m=l 



2m 



2coshy3 



) 



h2m{yi 



92m{yi) 

2iy2, 



(128) 



where for the SU{2) group, f2m:92m-,h2m can be complex, but are taken to be real in [4]. The condition 
for getting a supersymmetric 3-cycle implemented by ensuring that the pull-back of the calibration $ to 
the world volume of the 3-cycle is identical to the volume form on the 3-cycle, gives recursion relations 
between the coefficients /2m and g2mi by setting h2m = 0, e.g. for m = 1, as shown in [4], 



<e~-dif2 + (2e- + ^e--/2 - Qe-dig2 



(2C^e^ 



C ^\ 

+ 2^ 2 )92 



n ~yi 



-{Ce-y^ + 4)/2 + 2C5i52 - (C' - Q92 = -2C'e— 



(129) 



One can subsitute for /2 from the second equation and get a second order differential equation for g2. 
However, it is shown that in the limit ^ 0, one can consistently set /2m = /i2m = 0,m > 1. Further, 
surprisingly, as perhaps missed to be noticed in [4], one also gets the following differential equation for 
all c/'2m's, m > 1: 

25i52m + 52m = 0(0^0, (130) 



implying 

Hence, (128) becomes: 



5'2m 



e 2 



m > 1. 



(131) 



w{yi,yz) = -C 



tanh{y3)e 2 

' sech(y3) -^2 ' 



-iy2 



1 



s(yi,y3) = -yi - 2iy2. 



(132) 



One thus gets a convergent solution, unlike the case for finite ( as pointed out in [44]. 

Also, Seiberg-Witten equations for N = 2 MQCD are extensively used in the analysis. Now, by 
compactifying Eg x Eg Heterotic string theory on a at the complex structure modulus equal to the 
Kahler modulus equal to i, there is an enhanced SU (2) x SU (2) gauge symmetry and by embedding of 
SU{2) gauge bundles in the two i^s's and one of the two 5[/(2)'s and subsequent Higgsing away of the 
resultant Et x E^, one gets the (Heterotic) string analog of iV = 2 Seiberg-Witten theory [26]. 



32 



Hence, we see a connection between the first two parts of tliis paper and MQCD via the existence 
of supersymmetric 3-cycles embedded in G2-manifolds (around which M2 branes wrapped to produce 
membrane instantons), and the Riemann surface that is common to both the world- vohimc of the M5 
brane used to reproduce the type II A brane configurations, and the compact Calabi-Yau Cl3(3, 243) 
that appeared ubiquitously in Section 3. 

5 Conclusion and Discussions 

In this paper, we have evaluated in a closed form, the exact expression for the nonperturbative contri- 
bution to the superpotential from a single M2-brane wrapping an isolated supersymmetric 3-cycle of a 
G2-holonomy manifold. The comparison with Harvey and Moore's result, is suggestive but not exact. 
A heat-kernel asymptotics analysis for a non-compact smooth G2-holonomy manifold that is metrically 
X T^, in the adiabatic approximation, showed that the UV-divergent terms of one of the bosonic 
and the fermionic determinants are proportional to each other, to the order we calculate, indicative 
of cancellation between the same, as expected because the M2 brane action of Bergshoeff, Sezgin and 
Townsend is supersymmetric. Unlike the result of [13], the expression obtained for the superpotential 
above in terms of fermionic and bosonic determinants, in addition to a holomorphic phase factor, is valid 
even for non-rigid supersymmetric 3-cycles as the one considered in (18) above. Following Gubser et al 
in [10], it is tempting to conjecture that the superpotential term corresponding to multiple wrappings of 
the M2-brane around the supersymmetric 3-cycle, should be give by: 



In terms of relating the result obtained in (9) to that of the 1-loop Schwinger computation of M theory 
and the large A^- limit of the partition function evaluated in [45]'', one notes that the 1-loop Schwinger 
computation also has as its starting point, an infinite dimensional bosonic determinant of the type 



deti {id — — Z'^ ], A being the gauge field corresponding to an external self-dual field strength, and 



Z denoting the central charge. The large A'^-limit of the partition function of Chern Simons theory on an 
S^, as first given by Periwal in [46], involves the product of infinite number of sin's, that can be treated 
as the eigenvalues of an infinite determinant. This is indicative of a possible connection between the 
membrane instanton contribution to the superpotential, the 1-loop Schwinger computation and the large 
A'^ limit of the Chern-Simons theory on an S^. Also, there were interesting similarities and differences 
between the membrane instanton result of Section 2 and Witten's heterotic world-sheet instanton result 
in terms of the forms of expressions and the boson-fermion determinant cancellation in both. 

We also related the M = 1 Heterotic theory on a self-mirror CY^ to the nonperturbative formulations 
of type HA and IIB, namely M and F theories. While on the M-theory side, the suitable manifold turned 
out to one of SU{3) x Z2 holonomy, referred to as a 'barely G2 manifold', the elliptically fibered Calabi- 
Yau 4-fold involves a trivial CP^-fibration over the Enriques surface for its base, and surprisingly has 
a Hodge data that can not be obtained as a free involution of {M = 2 F-theory on) (713(3,243) x T^. 

'^This logic was suggested to us by R.Gopakumar. 




(133) 
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The precise construction of the CY^ used in the F-theory dual and its connection with the M = 2 parent 
model of F-theory on €¥3(3, 243) x T^, needs to be understood. 

We also obtained the Mcijer basis of solution to the Picard-Fuchs equation for the Landau-Ginsburg 
model corresponding to (713(3,243) after the resolution of the orbifold singularities of the degree-24 
Fermat hypersurface in WCP^[1, 1, 2, 8, 12], in the large and small complex structure limits, getting the 
Zn-terms without resorting to parametric differentiations of infinite series. We also discussed in detail 
the evaluation of the monodromy matrix in the large complex structure limit. We also considered the 
action of an antiholomorphic involution on I? = 11 supergravity compactified on (713(3,243) x S^, and 
evaluated the form of the = 1 Kahler potential. In the process, we also gave a conjecture on the 
action of the involution on the periods of (7l3(3, 243), given its action on the cohomology of the same. 
We verified the conjecture for for the periods and cohomology basis, and for the mirror to the quintic 
for the cohomology basis. Finally, we showed that no superpotential is generated in type IIA and hence 
M-theory sides using mirror symmetry, after the resolution of the orbifold singularities associated with 
the Fermat hypersurface whose blow up gives (7l3(3, 243). 

The reason for considering membrane instantons involving M2 branes wrapping around supersymmet- 
ric 3-cycles embedded in G2-holonomy manifold and topics related to the compact Calabi-Yau (7l3(3, 243) 
in the same article was because we have tried to attempt to make an indirect connection between these 
two topics by relating both of them individually to Witten's MQCD. The latter involves uplifting suit- 
able configurations of NS5 and DA branes to M theory involving M5 branes with a suitable topology, 
as well as domain walls being modelled again by M5 branes with a particular topology, the former case 
consisting of a Riemann surface that is also present in the defining hypersurface of (713(3,243), and the 
latter corresponding to precisely a supersymmetric 3-cycle embedded in a (72-holonomy manifold. We 
also showed that in the limit of vanishing of a certain complex constant that figures in the Riemann 
surface when referring to the boundary conditions satisfied by the supersymmetric 3-cycle embedded in 
(72-manifold, it was possible to get an exact answer for the embedding, using the ansatz of [4]. 
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